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Abstrat
A searh for the parameter onstraint in the three-parameter empirial mass formula
proposed reently for ative neutrinos is desribed. Without any parameter onstraint the
formula is a formal transformation of three free parameters into three neutrino masses
or vie versa, giving no numerial preditions for the masses. But, this is a very spe-
ial transformation, providing some spei suggestions as to its parameters, when it is
onfronted with the present, unfortunately inomplete, experimental data. If the param-
eters beome onstrainted, then there appear some numerial preditions for the neutrino
masses, subjet to experimental veriation (as far as it is or will be possible).
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In a reent paper [1℄, we have proposed an empirial mass formula for three ative
mass neutrinos ν1 , ν2 , ν3 related to three ative avor neutrinos νe , νµ , ντ through the
unitary mixing transformation να =
∑
i Uαiνi (α = e, µ, τ and i = 1, 2, 3). The formula
involves three free parameters µ , ε , ξ and gets the form
mi = µ ρi
[
1− 1
ξ
(
N2i +
ε− 1
N2i
)]
, (1)
where
N1 = 1 , N2 = 3 , N3 = 5 , ρ1 =
1
29
, ρ2 =
4
29
, ρ3 =
24
29
(2)
(
∑
i ρi = 1). The latter three numbers have been alled generation-weighting fators.
Sine Eq. (1) has the form of a transformation of three free parameters µ , ε , ξ into three
neutrino masses m1 , m2 , m3, the parameters are determined by the masses or vie versa.
In partiular, if m1 < m2 < m3 with
m1 ∼ 0 to 10−3 eV , ∆m221 ∼ 8.0× 10−5 eV2 , ∆m232 ∼ 2.4× 10−3 eV2 , (3)
then
m2 ∼ (8.9 to 9.0)× 10−3 eV , m3 ∼ 5.0× 10−2 eV , (4)
and we determine
µ ∼ (7.9 to 7.5)× 10−2 eV , ε
ξ
∼ 1 to 0.61 , 1
ξ
∼ (8.1 to 6.9)× 10−3 . (5)
Of ourse, there are no numerial preditions for the masses, unless free parameters are
onstrained.
In the paper [1℄, two options of parameter onstraint were onsidered: ε/ξ = 1 or
1/ξ = 0. In these ases,
m1 = 0 or m3 =
6
25
(27m2 − 8m1) , (6)
1
respetively. In the paper [2℄, the option of parameter onstraint ε = 0 was disussed. In
this ase,
m3 =
6
125
(351m2 − 904m1) . (7)
In the present note, we desribe the option of parameter onstraint ε/ξ = 1 − 1/ξ that
relaxes our rst option. Now,
m3 =
6
25
(27m2 − 1544m1) . (8)
The results of our searh in the four options an be listed in the following table:
ε/ξ 1/ξ(10−3) µ(10−2 eV) m1 (10−3 eV) m2 (10−3 eV) m3 (10−3 eV)
1 8.1 7.9 0 8.9 50
-8.8 0 4.5 15 12 51
0 6.1 7.1 2.5 9.3 50
1− 1/ξ 8.1 7.9 0.022 8.9 50
Here, the experimental estimates |∆m221| ∼ 8.0×10−5 eV2 and ∆m232 ∼ 2.4×10−3 eV2 [3℄
are applied as an input. In the option of 1/ξ = 0, the ordering of m1 and m2 is inverted,
though the position of m3 is normal.
In the option of parameter onstraint ε/ξ = 1 − 1/ξ, the last in this listing, we an
write due to Eq. (8) the following quadrati equation for r ≡ m1/m2:
[
(1544)2 +
(
25
6
)2
λ
]
r2 − 2 · 27 · 1544 r + (27)2 −
(
25
6
)2
(λ+ 1) = 0 , (9)
sine with λ ≡ ∆m232/∆m221 we have
m23 ≡ ∆m232 +m22 = (λ+ 1)m22 − λm21 . (10)
Taking λ ∼ 2.4/0.080 = 30, we obtain two solutions to Eq. (9):
r ∼
{
2.46× 10−3 = 2.5× 10−3
3.25× 10−2 = 3.3× 10−2 . (11)
Then, we predit
2
m1 ≡
√
r2∆m221
1− r2 ∼
{
2.20× 10−5 eV = 2.2× 10−5 eV
2.91× 10−4 eV = 2.9× 10−4 eV , (12)
m2 ≡
√
∆m221
1− r2 ∼
{
8.94× 10−3 eV = 8.9× 10−3 eV
8.95× 10−3 eV = 8.9× 10−3 eV (13)
and
m3 =
6
25
(27m2 − 1544m1) ∼
{
4.98× 10−2 eV = 5.0× 10−2 eV
−4.98× 10−2 eV = −5.0× 10−2 eV , (14)
where the experimental estimates ∆m221 ∼ 8.0 × 10−5 eV2 and formerly ∆m232 ∼ 2.4 ×
10−3 eV2 in r were used as an imput. So, the seond solution (11) for r is unphysial as
leading to a negative value of m3 (we assume here that allmi have the same sign). Hene,
with the rst solution (11) for r we determine also
µ = 29m1 ξ ∼ 7.93× 10−2 eV = 7.9× 10−2 eV ,
1
ξ
=
32m1
9m2 + 316m1
∼ 8.06× 10−3 = 8.1× 10−3 (15)
beause of the relations
m1 =
µ
29
(1− ε
ξ
) =
µ
29
1
ξ
,
1/ξ
1− 10/ξ =
1− ε/ξ
1− 10/ξ =
32m1
9m2 − 4m1 . (16)
They follow in the option of ε/ξ = 1− 1/ξ from the neutrino mass formula (1) rewritten
expliitly:
m1 =
µ
29
(1− ε
ξ
) ,
m2 =
µ
29
4
[
1− 1
9ξ
(80 + ε)
]
,
m3 =
µ
29
24
[
1− 1
25ξ
(624 + ε)
]
. (17)
In another paper [4℄, we tried to avoid the input of experimental estimate for ∆m232,
replaing it by a predition whih follows from the additional onjeture that the o-
diagonal part of neutrino mass matrix is built up from annihilation and reation operators
ating in the neutrino generation spae:
3

 0 Me µ Me τMe µ 0 Mµ τ
Me τ Mµ τ 0

 = µ ρ1/2 [g(a+ a†) + g′(a2 + a† 2)] ρ1/2
=
µ
29

 0 2g 4
√
3 g′
2g 0 8
√
3 g
4
√
3 g′ 8
√
3 g 0

 . (18)
Here, g and g′ are free parameters (multiplied by the mass sale µ introdued in Eq. (1))
and
ρ1/2 =

 ρ
1/2
1 0 0
0 ρ
1/2
2 0
0 0 ρ
1/2
3

 = 1√
29

 1 0 00 √4 0
0 0
√
24


(19)
aording to Eq. (2), while
a =

 0 1 00 0 √2
0 0 0

 , a† =

 0 0 01 0 0
0
√
2 0


(20)
play the role of annihilation and reation operators in the generation spae
†
, sine
n ≡ a† a =

 0 0 00 1 0
0 0 2

 , [a , n] = 0 , [a† , n] = −a† , a3 = 0 , a† 3 = 0 , (21)
though [a , a†] 6= 1. Note that the numbers Ni = 1, 3, 5, introdued in this paper in Eqs.
(2) and appearing in the mass formula (1), are eigenvalues of the matrix N ≡ 2n+ 1, as
the formal oupation-number matrix n has the eigenvalues ni = 0, 1, 2 orresponding to
the generations i = 1, 2, 3 (see Appendix).
It followed immediately from the onjeture (18) that [4℄
Mµ τ = 4
√
3Me µ . (22)
Making use of the tribimaximal form of neutrino mixing [5℄ as a reasonable approximation,
†
Formally, M = (Mαβ) and a = (ai j), so we assume that ρ
1/2 = (δα iρ
1/2
i ), where δα i = 1 for
α i = e 1, µ 2, τ 3, and 0 otherwise (α, β = e, µ, τ and i, j = 1, 2, 3).
4
U = (Uα i) =


√
2√
3
1√
3
0
− 1√
6
1√
3
1√
2
1√
6
− 1√
3
1√
2

 , (23)
whih implies the neutrino mass matrix M = (Mαβ) =
(∑
i Uα imi U
∗
β i
)
with elements
Me e =
1
3
(2m1 +m2) ,
Mµµ = Mτ τ =
1
6
(m1 + 2m2 + 3m3) ,
Me µ = −Me τ = −1
3
(m1 −m2) ,
Mµ τ = −1
6
(m1 + 2m2 − 3m3) , (24)
we dedued from the relation (22) between Me µ andMµ τ the following mass sum rule [4℄:
m3 = η m2 − (η − 1)m1 , (25)
where
η ≡ 2
3
(4
√
3 + 1) = 5.28547 . (26)
From the onjeture (18) we also onluded that
g = −2
√
3 g′ =
29
6µ
(m2 −m1) . (27)
The mass sum rule (25) together with the mass formula (17) imposed the following relation
on ε/ξ and 1/ξ:
1
ξ
= 0.0173763− 0.0070452ε
ξ
. (28)
In the option of parameter onstraint ε/ξ = 1 onsidered in the paper [4℄, we predited
with the use of mass sum rule (25) that
m1 = 0 , m2 ∼ 8.9× 10−3 eV , m3 ∼ 4.7× 10−2 eV . (29)
Here, only the experimental estimate ∆m221 ∼ 8.0 × 10−5 eV2 was applied as an input.
We determined also
5
g = −2
√
3 g′ ∼ 0.53 (30)
and
µ ∼ 8.1× 10−2 eV , 1
ξ
= 1.03311× 10−2 , (31)
the last value onsistent with the relation (28). In this ase,
λ ≡ ∆m
2
32
∆m221
= η2 − 1 = 26.9362 (32)
and
∆m232 ∼ 2.15× 10−3 eV2 = 2.2× 10−3 eV2 , (33)
while the popular experimental best t is ∆m232 ∼ 2.4× 10−3 eV2.
In the present note, we onsider the relaxation of parameter onstraint ε/ξ = 1 to the
form ε/ξ = 1 − 1/ξ. Then, the new onstraint together with the relation (28) between
ε/ξ and 1/ξ, valid in the ase of mass sum rule (25), lead to the parameter values
ε
ξ
= 0.989596 ,
1
ξ
= 0.0104044 . (34)
Then, the mass formula (17), taking in the ase of parameter onstraint ε/ξ = 1 − 1/ξ
the form
m1 =
µ
29
1
ξ
,
m2 =
µ
29
4
9
(
8− 79
ξ
)
,
m3 =
µ
29
24
25
(
24− 623
ξ
)
, (35)
implies
r ≡ m1
m2
=
9
4(8ξ − 79) = 3.26× 10
−3 = 3.3× 10−3 . (36)
Thus, with the experimental estimate ∆m221 ∼ 8.0× 10−5 eV2 as an input, we predit
6
m1 ≡
√
r2∆m221
1− r2 ∼ 2.92× 10
−5 eV = 2.9× 10−5 eV , (37)
m2 ≡
√
∆m221
1− r2 ∼ 8.94× 10
−3 eV = 8.9× 10−3 eV (38)
and
m3 ≡ ηm2 − (η − 1)m1 ∼ 4.71× 10−2 eV = 4.7× 10−2 eV . (39)
We determine also
g = −2
√
3 g′ = 0.530 = 0.53 (40)
and
µ = 29m1ξ ∼ 8.13× 10−2 eV = 8.1× 10−2 eV . (41)
In this ase,
λ ≡ ∆m
2
32
∆m221
∼ 26.8 = 27 (< η2 − 1 = 26.9362) (42)
and
∆m232 ∼ 2.14× 10−3 eV2 = 2.1× 10−3 eV2 . (43)
The values (38), (39) and (41) do not dier pratially from the values (29) and (31) for
m2, m3 and µ implied in the option of ε/ξ = 1.
In the ase of mass sum rule (25), the results of our searh in two options an be
ompared in the following listing:
ε/ξ 1/ξ(10−3) µ(10−2 eV) m1 (10−3 eV) m2 (10−3 eV) m3 (10−3 eV)
1 10.3311 8.1 0 8.9 47
1− 1/ξ 10.4044 8.1 0.029 8.9 47
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Here, only the experimental estimate ∆m221 ∼ 8.0 × 10−5 eV2 is used as an input. The
predition is ∆m232 ∼ 2.2 × 10−3 eV2 and 2.1 × 10−3 eV2, respetively, while the popular
experimental best t is ∆m232 ∼ 2.4× 10−3 eV2.
Conluding, we an see from both our listings that in the options of parameter on-
straint ε/ξ = 1 and ε/ξ = 1 − 1/ξ the results are rather similar, though in the rst
of them the lowest mass m1 takes its smallest possible value 0 (in both listings). The
option of parameter onstraint ε/ξ = 0 diers from the two previous by a muh larger
value of m1 that now is not dramatially smaller than the value of m2. Eventually, in the
option of parameter onstraint 1/ξ = 0, the ordering of m1 and m2 is inverted, though
the position of m3 is normal. Thus, if the value of m1 turned out to be not dramatially
smaller than the value of m2, the option of ε/ξ = 0 would be favored (among the possibil-
ities onsidered in this paper). This option, disussed in Ref. [2℄, seems to be attrative
from the interpretative point of view taking into aount a formal "intrinsi struture"
of neutrinos of three generations (see Setion 4 of Ref. [2℄; there our present µ, ε, ξ are
denoted as µ
(ν)
eff , ε
(ν)
, ξ(ν); see also Appendix). From this point of view, the alternative
option of ε/ξ = 1 − 1/ξ <∼ 1 desribed in the present paper (in both our listings) seems
also attrative. But in this ase, m1 = (µ/29)(1− ε/ξ) = (µ/29)/ξ would be very small
∼ O(10−5 eV) ≪ m2 < m3. In the ase of ε = 0, the whole mass m1 omes out from
the formal "intrinsi binding energy" of ν1 via a simple version of seesaw mehanism [2℄,
while in the ase of ε = ξ − 1 <∼ ξ the formal "intrinsi binding energy" of ν1 would only
slightly prevail over its formal "intrinsi selfenergy", their tiny dierene providing the
very small mass m1via the simple version of seesaw mehanism.
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Appendix
More about the "intrinsi struture" of fundamental fermions
Consider the generation triplet of elds desribing the fundamental fermions fi =
νi, li, ui, di (i = 1, 2, 3) of four kinds f = ν, l, u, d (leptons and quarks belonging to three
generations):
ψ(f)(x) =

 ψ(f1)(x)ψ(f2)(x)
ψ(f3)(x)

 . (A1)
We an also write
ψ(f)(x) = |0 > ψ(f1)(x) + |1 > ψ(f2)(x) + |2 > ψ(f3)(x) , (A2)
where
|0 >=

 10
0

 , |1 >=

 01
0

 , |2 >=

 00
1

 , (A3)
and so ψ(fi)(x) =< ni|ψ(f)(x) > with ni = 0, 1, 2 (i = 1, 2, 3). Then, the matries (20), a†
and a, play the role of universal reation and annihilation operators in generation spae,
beause
a†|0 >= |1 > , a†|1 >=
√
2|2 > , a†|2 >= 0 (A4)
and
a|2 >=
√
2|1 > , a|1 >= |0 > , a|0 >= 0 . (A5)
Here, the label ni (i = 1, 2, 3) in basi kets (A3) is given by the eigenvalues ni = 0, 1, 2 of
the formal oupation-number operator n ≡ a†a. The oupation numbers ni = 0, 1, 2 , or
the related numbers Ni ≡ 2ni + 1 = 1, 3, 5 being eigenvalues of the operator N ≡ 2n+ 1,
may label three fundamental-fermion generations i = 1, 2, 3. The onditions a3 = 0 and
a† 3 = 0 in Eqs. (21) restrit the integers ni to the range 0 ≤ ni ≤ 2 and so, the number
of generations to three.
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In our previous work [6℄, we have proposed an interpretation of the numbers ni and
Ni (i = 1, 2, 3) on the base of a new generalized Dira equation following from the general
Dira square-root proedure. This equation leads to multiomponent wave funtions or
elds ψα1 α2...αN )(x) (N = 1, 2, 3, . . .), where αk = 1, 2, 3, 4 (k = 1, 2, ..., N) are Dira
bispinor indies. We have onjetured that all Dira bispinor indies αk but one denoted
by α1 obey the (intrinsi) Fermi statistis along with the (intrinsi) Pauli priniple (i.e.,
α2, . . . , αN are fully antisymmetrized). Then, it follows that the number of all bispinor
indies αk (k = 1, 2, . . . , N) annot exeed the maximal number N = 5. This implies that
for fundamental fermions the number N an be equal only to 1 or 3 or 5, what justies the
existene in Nature of exatly three generations of fundamental fermions. These may be
labelled by the numbersNi = 1, 3, 5 or ni ≡ (Ni−1)/2 = 0, 1, 2 orresponding to i = 1, 2, 3,
respetively. We an see that ni are the numbers of pairs of the fully antisymmetrized
Dira bispinor indies, while Ni are the numbers of all Dira bispinor indies.
In onsequene of the above onstrution, the fundamental fermions fi = νi, li, ui, di
of three generations i = 1, 2, 3 an be desribed by the following three wave funtions or
elds built up from ψ
(f)
α1α2...αNi
(x) (Ni = 1, 3, 5):
ψ(f1)α1 (x) ≡ ψ(f)α1 (x) ,
ψ(f2)α1 (x) ≡
1
4
(
C−1γ5
)
α2 α3
ψ(f)α1 α2 α3(x) = ψ
(f)
α1 1 2
(x) = ψ
(f)
α1 3 4
(x) ,
ψ(f3)α1 (x) ≡
1
24
εα2α3α4α5 ψ
(f)
α1α2α3α4α5(x) = ψ
(f)
α1 1234(x) . (A6)
It an be seen that (due to the full antisymmetry of α2, . . . , αNi indies) the multiompo-
nent wave funtions or elds orresponding to Ni = 1, 3, 5 appear (up to the sign ±) with
the multipliities
1 = 29ρ1 , 4 = 29ρ2 , 24 = 29ρ3 (A7)
(
∑
i ρi = 1), respetively, where ρi are the generation-weighting fators introdued in this
paper in Eq. (2) and appearing in the mass formula (1). Hene, the bilinear relations
ψ(f)∗α1α2...αNi(x)ψ
(f)
α1α2...αNi
(x) = 29 ρi ψ
(fi)∗
α1 (x)ψ
(fi)
α1 (x) (A8)
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hold for Ni = 1, 3, 5 (or i = 1, 2, 3).
The numbers Ni (the total numbers of Dira bispinor indies) and ρi (the generation-
weighting fators) are at our disposal to desribe at our level a formal "intrinsi struture"
of fundamental fermions [6℄, in partiular, to onstrut their empirial mass formula [1℄
(note that these fermions are still pointlike, due to the generalized Dira equation whih
is a loal dierential equation in spaetime).
In the paper [1℄, it has been proposed that the following empirial mass formula holds
for fundamental fermions fi = νi, li, ui, di (i = 1, 2, 3):
mfi = µ
(f) ρi
(
N2i +
ε(f) − 1
N2i
− ξ(f)
)
, (A9)
where µ(f), ε(f), ξ(f) are free parameters. The orretness of this mass formula has been
suessfully tested in the ase of harged leptons (f = l) whose mass spetrum is known
preisely [6℄. Then, ξ(l) ≃ 0.
In the ase of ative neutrinos (f = ν), it has been onjetured that this formula works
for the neutrino Dira masses m
(D)
νi , while the neutrino eetive masses mνi are indued
by a simple version of the seesaw mehanism, where mνi = −m(D) 2νi /Mνi = −m(D)νi /ζ with
large neutrino Majorana masses Mνi assumed to be proportional to m
(D)
νi : Mνi = ζm
(D)
νi
with a large parameter ζ > 0. Then [1℄,
mνi = µ
(ν)
i ρi
[
1− 1
ξ(ν)
(
N2i +
ε(ν) − 1
N2i
)]
, (A10)
where µ
(ν)
eff ≡ µ(ν)ξ/ζ , ε(ν)/ξ(ν), 1/ξ(ν) are free parameters. With mνi → mi and µ(ν)eff → µ,
ε(ν) → ε, ξ(ν) → ξ this equation is the neutrino mass formula (1) disussed in the present
paper.
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